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This appendix provides proofs for all technical lemmas and Theorem 3.2 in the paper titled “Testing

Homogeneity in Panel Data Models with Interactive Fixed Effects” by Liangjun Su and Qihui Chen

C Proofs of Technical Lemmas

Proof of Lemma A.2. We follow closely the proofs of Theorems 2.1 and 3.1 in Moon and Weidner
(2010a, MWa hereafter) to study the asymptotic property of @ under Hj (y,). By allowing local
deviations from the homogenous panel data models, the consistency of B can be demonstrated as in
MWa. Let Xg = (VNT/|le|)e, €0 = |le|| /V'NT, and ¢, = 8% — 8, for k = 1,..., K. Note that under
H; (yn7) » conditions (A.6) and (A.7) in MWa continue to hold for sufficiently large (N, T) as
Xk e —
VINT = Z |5k ﬁk| \/—l \ﬂ'— =op(1)+Op (5N1T +vn7) = op (1)

under Assumptions A.1(i%) and (vi) provided HBO - 5“ = 0, (1). This enables us to apply Lemma
A.1(iii) of MWa to obtain

K K
Lyt (B) = Z Z eryer, L2 (N, FO, Xy, , X, )



where for any integer g > 1,

1 -
L9 (X, FO Xy, Xy, = = > L9 (N F° Xy, Xy,
g: all g! permutations of (k1,...,kq)
g
(9 (/\0, FO,Xkl, ---,ng) — Z (_1)l+1 Z tr {S(ml)f];c(:%?g(M2) ... S(Mz)T_(_”kljS(MzH)} ,
=1 v1t+v2+-FUi=g

my+-tmpp1=l—1
2>v;>1, m; >0

SO = My, S = oy, T = \NFUX) + X FOAY for k = 0,1,..., K, and T,"), = X}, X}, for
k1,ka = 0,1,..., K. [The subscript indices in /]";:(1'01) or T(vklj may contain either one (e.g., ki or k)
or two elements (e.g., (k1,k2) or (kg—1,ky)) depending on whether vy or v; takes value 1 or 2.] By
straightforward calculations, one verifies that L(2) ()\O,FO,Xkl,sz) =tr(MyoXy, MpoX) Myo) and
LB (X, FO Xy, Xy, Xy ) = —tr (@M Xy, @4 Xpo, Mpo X, +Myo Xy, MpoX), ©1X], ). It follows that

L@ (N, FO Xy, Xy,) = tr (MyoXg, MpoX), Myo) = tr (MyoXy, MpoX),), and

LO (X FO, Xy, , Xy, X)) = ! > tr (Mo X, Mpo X, &1X}, Myo) .

all 6 permutations of (k1,k2,k3)
Furthermore, we have
_ 0 4 4
Lyt (B) =Lyt (8°) + Lint (B) + Lant (8) + Ryt + Op (Vinr) — Op (&)

where

K K
2
Lint (B) = erkeoL@) (A%, FO, Xy, Xo) + Zekeoeoﬂ?’) (A%, FY X}, X0, Xo) ,
k:
1 K
Loxr (B) = w7 Z b€k L (X0, PO, Xy X, )

g X
Ryt (B) = —Z

K K K
1
+ﬁ Z Z Z 6k1€k26k3L(3) ()\O’FOVX]CMX/Cqukia) .

Clearly, Liny7 and Loy are linear and quadratic in € = 62 — Bk, k=1,..., K, respectively, and Ryt
reflects the terms in the third order likelihood expansion that are asymptotically negligible (argued below).
Noting that L (/\O FO Xy, Xigy oons ng) is linear in the last g elements and ¢yXy = e, we have

2|M

K
LinT (,6) = T ZG}C |:L(2) (AO7FO’X]€,€) + ;L(3) (/\07F0’Xk,e,e)}
k=1

I
3~
M=

1
e |tr (MyoXMpoe') — 5 > tr (Myo X, Mpoe'®1e)

k all 6 permutations of (X ,e,e)

= 27y (B- /30)/ (CJ(\}%’ + CI(\?)T>

1



where the K x 1 vectors CI(VT and C’](\?% are defined in (A.2) and (A.3), respectively. Next,
1 - = :
Lont (B) = NT Z Z €y €ratr (Myo X, Mpo X)) = (B — B8°) Dnr (B —B")
where Dy is defined in (3.6). As in MWa, noticing that
1 . g-r - g
~7 ()7L (N F Xy X, X, Xo) = Op <(|e| /\/ﬁ) > =Op ((6N1T +YNT) ) ,

we can readily determine the probability order of Ry7 as Ryt = Op (H,B — ﬁOHQ (51_\,171 + ’yNT) + H,@ - ﬁOH3) .
It follows that

Lar (B) = Ly (B°) = 2vwr (B= ") (CR1 +CRL) + (B=8") Dyr (B— ") + Bnr (B)  (C.1)
where
Ryt (B) =0Op {HIB IBOH (5NT+7NT) + HIB ,BoH + ||ﬁ IBOH (5NT +7NT)} (C.2)

Under Assumptions A.1-A.3, we can readily show that D;,lf =0p (1), C](\}gp =O0p (1), and C’](\?gp =
Op (682 /vnr) - Let OnT = Y g D (CN+C5p). In view of the fact that Lar(B8) < Lyt (8° + Int),
we apply (C.1) to the objects on both sides to obtain

(B - B - 19NT>/ Dyt (B -8 - 19NT)

IN

RNT (,30 + 19NT) — RNT (B)
= Op[vkr (5XflT +nr) + ’7NT5]7\/%“] — Ryt (B)

where the last line follows from (C.2) and Assumption A.3. Consequently,

- _ _g41/2
B-p° :79NT+OP{[’Y?VT (5N1T+7NT) +7NT5N?§“] b
and the result follows. W

Proof of Lemma A.3. The proof follows from that of Corollary A.2 in Hall and Heyde (1980) subject

to obvious modifications on notation. H

Proof of Lemma A.4. The proof follows from that of Lemma 2.2 in Sun and Chiang (1997) by using
Lemma A.5 to replace their Lemma 2.1. B

Proof of Lemma A.5. The proof is analogous to that of Lemma 2.1 of Sun and Chiang (1997) with

obvious modifications. l

Proof of Lemma A.6. Without loss of generality (wlog) we consider the case m = 3. It suffices to show

that
EH = Z Z Ep [h(g) (gtl’étz’gta) h(3) (§t4’§t57£t6):| =0p (Tg) :

1<t <...<t3<T 1<ty <...<tg<T



We counsider four cases for the time indices in the set S = {t1, 2, ..., t¢} inside the summation: (a) #S5 = 6,
(b) #S =5, (¢) #S = 4 and (d) #S = 3. We use EH,, EH,, EH,. and EH, to denote EH when the
time indices are restricted to cases (a)-(d), respectively. By Cauchy-Schwarz’s and Jensen’s inequalities,

we have

ED ‘h(s) (§t1 ’ 51&2 ) gtg) h(s) (§t4’ 5755 ’ ftc)

< 3Bp Uh“) (€| + B9 (€ i) 2}
= 3 t19 Sty Stg ta? Stsr Stg
1 2o 2/(2+40) 240 2/(2+0) 6 _
§ 5 { |:E'D ’h(B) (£t1’£t2’£t3) :| + |:ED ‘h’(3) (£t1’£t2’§t3) :| } § CZ CD (tq)
q=1

where Cp (t) =1+ maxi<q<m Cgp (t) . With this, one can readily show that EH; = Op (T3) .

To bound EFH,, let 1 < s1 < ... < s¢ < T be the permutation of ¢1,...,t¢ in ascending or-
der and let d. be the c-th largest difference among s;y1 — sj, j = 1,...,5. Define H (s1,...,56) =
() (§t17£t2a§t3) h3) (§t47£t57§t6)' For any 1 < j < 5, put Pé%) (E(G)) = Pp ((ftla &) € E(G)) , and
p;g (ED x EC7)) = Pp((&,,-&,) € ED)Pp((&,,,,&,) € BC7), where EU) is a Borel set in
R, Tt is easy to verify that for any 0 < j <5, [ |H (s1,...,s6)]" /> de(ﬁ) < 022:1 Cp (t4) - By Lemma
A5 with 6 = 0/2, we have
CY0_ Cp(ty)aP (so—51)7/ T if sy — 51 =dy
B (51,5 < {  Zom 7Pt o
C> =1 Cp (tg) a” (s6 — s5) if s —s5 =dy

Therefore

Z |E[H(81,,86>]|

1<s1<...<s6<T

s2—s1=d1
T—-5 T—-4 T-3 T 6
<C > S Y D On(t)aP (s - )7
s1=1 sy=s1+max;>3{sj—s;_1} s3=s2+1 se=s5+1q=1
T-1 T 2 T
<30 30 Y Cnity) (52— 51)" 0P (52— 51)7PH < 0p (1) Y 740 (1) CH).
s1=1s2=s1+1¢g=1 =1

By the same token, 3 1<s, <. <so<r [E[H (51, ..., 56)]] < Op (T) 2, 74a® (r)7/?*7) | Analogously, we

85—85:d1
can show that
T
3 EH (s1,...50)]| < Op (1?) 3 7%aP (1)7/*) | and
1<51<...<56<T T=1
82—81:d2 or 86—85:d2
T
3 EH (s1,....50)]l < Op (T%)> %P (r)7/+).
1<51<...<56<T T=1

52781:(13 or 86755:d3
It follows that EH, < Op (T°) Zle 7200 (7)0/(2+U) = Op (T®) . Analogously, we can show that EH, =
Op (T3) for s=0b,c. B



Proof of Lemma A.7. (i) Following the proof of Lemma A.1(3v) in Su and Jin (2012), we have

() < iy () + || -

o= () +Op (T_1/2> for each 3.
(#4) Following the proof of Lemma A.1(v) in Su and Jin (2012), we have

Q-

N’min(Qi) > Hmin (QZ) - ‘ F = Hmin (QZ) - OP (T71/2) for each i.

(#i7) Let nyp = (NT)l/(4+2‘7) . To obtain a uniform result, we consider the (4, k)’th element of {; —; :
T T
T Z[Xit,int,k — Ep (X Xug)] = T7' Z (Xit,j Xit,k — Bp (Xt Xie k)] 1{| Xt Xit,k| < mnr}
t=1 t=1

T
AT (X Xiek — Bp (X Xie )] {1 Xt Xiv el > nnr}
t=1
= 814+ S9i, say.

Note that Varp [Xir ; Xie x 1{| Xit j Xite| < nyr}] < Ep(X2 .Xft’k) which is bounded in probability by

it,]

Assumption A.1(#¢). By Boole’s inequality, Lemma A.4, and Assumption A.2(3), we have

P, max |sy;| > Ca
D 1§i§N‘ 1] > Canr

N T
< ZPD (T_l Z (Xit,j Xit e — Ep (Xit,j Xt 1) 1{| Xt j Xit.e| < np}t > CaNT)
i—1 =1
N TC?a>
< 279 Z exp | — ~L + 2NTap (19) = op (1) for sufficiently large C.
i—1

2Ep (th’jxft’k) +4CanTynr/3

By Boole’s and Chebyshev’s inequalities, Assumption A.1(ii¢), and the dominated convergence theorem,

as (N,T) — oo we have

N T
Pp <1I§n%>§v |s2i| > CaNT) < Pp (121%5%[ max, | Xt Xit k| > TINT> < 21;1373 (1 Xt Xit.k| > )
i
L N
< Ep [|Xit,int,k 20 (|Xit,int,k|4+20 > 77?\#6)}
NT
=1 t=1
= op(1)

Consequently, maxj<;<y |7} Zthl[Xit,int,k — EA? (Xit,j Xit.k)l| = Op (ant) for each (4, k). This com-
pletes the proof of (ii3) .

(i) By (i)-(iii), maxicien [ < KV maxicien |7 = KV [mim<icn pin ()] =
Op (1) and max; <j<n ||Q;7 | |r < KY2[ming<i<n fiyin ()] 71 = Op (1) . Tt follows that max; <<y ||
—07 || = maxi <ien 1957 (2= Q) [P < maxi<ian |97 maxy<i<n [[Qi—Qil | maxi <in (197

= Op (aNT) . i



Proof of Lemma A.8. Using 7, = 1 — T~ 'F,, where 1;,, = 1{t =7} and F}, = F (FO’FO/T)_1 Fo

T

we have
1 X T T
Dint = —F# Z Z ZEitEisnter{r (Qfl - Qf) XigMys
VN i=1 1<s#t<T r=1g=1
1 X
= — Eit€is X, (Qfl — Q*1> Xis
i=1 1<s#t<T

N T T
T3\/N Z ZzgitfisFtngr (Q;l - Q;1> Xiglys

i=1 1<s#t<T r=1 g=1

Dint1+ Dinto + Dints + DinTa, say.

We prove the lemma by showing that Diy7; = op (1) for 1 =1,2,3,4.

First, we prove that D171 = op (1). We decompose Dynr,1 as follows

N
Dinta = ﬁ Z Z itcis X1 ! (QZ - QZ> 071X

i=1 1<s#t<T

+ﬁ XN: > cusis Xy (Qfl - Qfl) (Qz - Qz) Q' X,

i=1 1<s#t<T

Dint11 + DinT,12, say.

By the fact that tr(AB) < ||Al|» || B|| -, the submultiplicative property of ||-|| z , and Lemma A.7,

N
1 ~ A
|Dint2| = |7 Ztr (Qi_l - Qi_l) (Q’ B QZ) 9 Z XisXiyeucis
T\/N =1 1<s#£t<T
N
A . 1
< max { )9;1 —Qi‘lH HQ — 0 HQ;l\}F} —>M Y XiuXjeaeis
1<i<N F F TV'N i=1 |[1<sAt<T

F

Op (a2) Op (N”Q) —Op (Nl/%ﬁw) =op (1)

where the second equality follows because Ep|| Y, < ycr Xis Xji€iteis| | < {EDI| Y1 < ppar Xis Xfyeireis| [}
= Op (T) by Jensen’s and Davydov’s inequalities.
Let X;; = Q;l/QXit and Z;, = X X!, — Ep(X;, X!,). Then

N N
1 _ - - 2 o
—Dint11 = WZ Z EitEisXZ{tZirXis+T2\/NZ Z €it€is Xy Zit Xis

i=1 1<r#s#t<T i=1 1<s#t<T

= Dinta11 +2DinT 112



Noting that Ep (Din7,112) = 0 and Varp (Din7,112) = O (T*Q) by Davydov’s inequality, we have
Dint,112 = op (1) by Chebyshev’s inequality.
Let 99 (€4, €5, Eir) = €it€is X1y Zir Xis where &;, = (i1, X,)'. Define the symmetric version of 99 as

Bi(€itr Eisr €ir) = 197 (Cinr Eisr Eir) + 07 (Ei Eirr Ei) +97 (€40 €40, €45)1/3. Then we have

N N

Dinran = ﬁ Z Yo 0l bis i) = % ZUMT

i=1 1<t<s<r<T i=1
where Uy = m Zl§t<s<T§T Pi(&45€isy €4r). To study Dynr,111, we assume that K = 1 below
to simplify notation as the general case follows from the Slutsky lemma. Let 9,5 and HE;) be analogously
defined as ¥,y and Hgf) for s = 0,1, 2,3, defined before Lemma A.5 with the kernel ¥; in place of ©. Then
we have 90y = 0, ¥;(1) (§;) = 0, and 9;(2) (§;,&5) = 0. This implies that U7 is a third order degenerate
U-statistic with Hf? =0 for ¢ = 1,2 and HE;) = Uy;r. By the repeated use of Cauchy-Schwarz’s and

Jensen’s inequalities,

IN

o 1 _ _ _
Ep |£it15it2X£tlZit3Xit2 ’2+U 3 [ED (’Eithitlgithitz |4+2U + ’Zit3}4+20)]
1 ‘8+4U |8+4a

< + Ep |eit, Xit, +2Ep | Zi,

[ED |eit, Xit, ‘4+2U]

4
3 —
< ) Cup(ty)
qg=1

where C;p (t) = 2(EplequXu|>™ + Ep|Zy|*T27). It is easy to see that (NT)~* Zfil Zle Crip (t) =
Op (1) by Assumption A.1 and Markov inequality. In view of the fact

3
o 240 =
Lyr = max{/ [0; (Ve 08500, )|*F7 T d Py, (00, |D), B [0 (€50, Eity it | } <Y Cun(ty)
q=1
we apply Lemma A.4 to obtain Zf\’:1 Ep (Up) = NOp (T—3) . It follows that

2 N N
ZV&I"D (uliT) < Op (T2N72) ZED (UiT) =0Op (Tﬁl) .

i=1 i=1

In addition, note that Ep (Din7.111) = 2T 2N~1/2 Zfil Yi<tes<r<r ED (gitcis X}y Zir Xis) . We con-

(T - 1*(T-2)
T2N

Varp (DinT111) =

sider two cases for the indices in {t,s,r} : (a) either r —s > 7, or s — ¢t > 7, and (b) r — s < 7, and

s —t < 7. In case (a) we have
8ap (T*)(Hg)/(%ﬂj) Cop (t,s,7) ifr—s>T,

Ep (citeisXiy Zir Xis)| < ;
| | 8ap (1) TV T Oy (t,5,7) s —t> T,

where Coip (¢, 8,7) = HEitEiintXisHMQmD HZirH4+20,'D and Csip (L, 5,7) = ||€is Zir Xis|| (8 +40) /3.0 Hﬁit)_(itHSHUp -
Note that Co;p (tl, to, t3) < 22:1[1 + C’liD (tq)} and

1 > o2

Csip (t1,12,t3) < 3 {||5it2 Zitint2||%8+4a)/3,D + H&thm | |8+4a,D}
3
1 - 5 S 2 ~
< 7l XKital o p + 11 Zital 2o o + 2 it Kita 34 0 ) < D Clim (8)
q=1



— — — 2 . . _ —
where Csip (t) = 1(||Zitl[3 25 p+3 HsitXitH8+4g,D)' It is easy to verify that (NT') ! Zivzl Z;‘F:l Csip (t) =
Op (1). This, together with the fact that the total number of terms in the summation is of order

O (NTm?) in case (b) implies that

Ep (DinT111)

IN

16N~ WZZ 2+ Chip (t) + Caip (1)] ap (r,) 127/ GF20) L p=2N=1/20 (NTT?)

=1 t=1

= Op (N1/2T041> (r,)1Ho)/ ZHo) 4 N1/2T7173) =op (1) by Assumption A.2 (i) .

Consequently Ep (D%NT)lll) =Varp (Din7,111) + [Ep (DinT111)]2 = op (1) and Diy7.111 = op (1) by
Chebyshev’s inequality.

Next, we prove that D172 = op (1). We decompose Dinr,2 as follows

Dint2 = T2\/_Z Z Ze?ztfstth (Qz *Qz’) Q7' X Fys

i= 11<s;£t<T =1

TQ\/_ Z Z Zszté‘stﬁQ (Qz — Qz) Qi_lXinqs

i= 11<=;;£t<T =1

TQ\/_Z S Z&t&s (=) (2 - 90) 97 Xig By

i=1 1<s#t<T q=1

DinT21 + DinTt,22-

The second term can be bounded analogously to Dinr,12. For Din7,21, one can readily show that

—DinT21 = T?’i/NZ: Z Z €it€is Xy Zir XigFys

= T3\/_ Z Z eitisXiy Zir XigFys + op (1)

i=1 1<qg#r#s#t<T

= 5it5isX£ Zir [Xi —Ep (Xi )] Fys
T3\/_ ; 1<q¢r§7ﬁt<T t ! ! !

TQ\/_ Z Z eit€is X1y ZirCis + 0op (1) = DinT211 + DinT,212 + 0p (1),
i=1 1<r#s#t<T
where (;, =T7! Zqul Ep (Xiq) Fys is measurable with respect to D. The study of D1n1,212 is analogous
to that of DINT,111~ To study DlNT’2117 let 19? (gitvgisvgirvfiq) = EitgisXétZi’r [qu — ED (qu)] Fqs. De-

. . 0 0
fine the symmetric version of ¥; as 9;(&;4, &5 §irr §ig) = Doant 24 permutations of (¢,s,m,q) Vi (it Eisr Sirr Eiq) /24

Then we have

N
24 (T —1)(T —2) (T - 3)
Dinron = mners Z Z Vi€t i Sirs Sig) = T2N1/2 ZUmT

i=1 1<t<s<r<q<T

where Uy = T(T_l)(%‘i2)(T_3) Y i<twsereg<t Vil€is Eiss Eirs €ig)- For this 9J;, using analogous notations

defined before Lemma A.6, we have Uy = 0, ¥;1) (v1) = 0, ¥;2) (v1,v2) = 0, V43 (v1,v2,v3) = 0,



Hf;) = 0 for ¢ = 1,2,3, and Hg;) = Uqip. This implies that U is a fourth order degenerate
U-statistic and by Lemma A.6, Zil Ep (UQZZ-T) = NOp (T‘3). It follows that Varp (Dinr211) <
O(T*N71) Zivzl Ep (U3,7) = Op (T7') . In addition, we can show that Ep (Din7,211) = op (1). Con-
sequently, D1nr,211 = op (1) by Chebyshev’s inequality.

Analogously, we can show that Din7,3 = op (1) and Diy74 =op (1). B

Proof of Lemma A.9. (i) Let ¢ [Xit — Ep (Xit)]/ Q;lXiS. We have

i,ts —

N T N
Donr1 = T;/NZ Z Z EitEisFtrfi,rs‘*‘ﬁZ Z €it€is P& 1

i=1 1<s<t<T r=1,r#t,s =1 1<s<t<T

1

N
+m Z Z €it€isFis€; ss = Dant 11 + Danrt 12 + Danr a3, say.

i=11<s<t<T

As in the analysis of Dinr,111, we can apply Lemma A.6 to show Danri11 = op(1). Noting that
Ep (D2NT,12) = 0 and Ep (DgNTJZ) = ﬁ Zf\il Z1SS,T<th FtQt ED(EZthfisEirfi,tsfi,tr) = Op (Tﬁl) )
we have Donr12 = Op (T‘l/z) = op (1) . Similarly, Day713 = op (1).

(ii) We can show that Dan7o = Danr.2 + op (1) where
1 N T T
Dant2 = N Z Z Z Z eitisFor [Xir — Ep (Xir)] Q' [Xig — Bp (Xig)] Fys.
i=1 1<s<t<T r=1,r#t,s q=1,q#t,s,r

As in the analysis of Dinr211, we can apply Lemma A.6 to show DQNT72 =op(1).

(i74) Recall ;s =T ! qul Ep (Xiy) Fys. We can readily show that Doz = Dant,3+0p (1) where

N T
_ 1 _
Dont3 = N E E g eicisFor [Xir — Ep (Xir)] Q7'

i=1 1<s<t<T r=1,r#t,s

As in the analysis of Din7,111, we can apply Lemma A.6 to show DQNT73 =op(1). N

Proof of Lemma A.10. Using Mpo = I — Pro we can decompose D3y as follows

N
Dsnr = yneN"Y* (6iPx,Xid; — € Ppo Px, Xi6; — &} Px, ProX;8; + £; Ppo Px, Ppo X;0;)
=1
= Dsnti1— Danr2 — Dsnt3 + Danr,a, say.

For D3nr,1, we further decompose it as follows

N N
Dsnry = T N7V e X0 X X6 + ynr T INTV2Y el X (07 — 971 X[ X6
i=1 i=1
= Dsn7a1 + Dsnro12 say. (C.3)

We dispense with D3y 12 first. By Lemma A.7,

IN

N

D 7! ‘Qfl—Q.—lj‘ N2 X | 1 X X6

|Dsn 2] YT max 1€ ; '21”61 I 116 X304 |
1=

= ’YNTTilOp (aNT) Op (N1/2T3/2> = Op (N1/4GNT) =op (1) . (C4)



For D3NT,11; we have

N
ED (DgNT,ll) = T73N73/2 Z Z ED [Eitlf‘:itst{nXththgé X’L/t3X’Lt4X’Lt46 }
i=1 1<t1,t2,t3,t4<T
+T_3N_3/2 Z Z ED [Eitlgth.Xz(thithztgé Xj/t3th4th45 }

1<i#j<N 1<tq,t2,t3,ta<T
EDqy1 4 EDq2, say,

where recall X;; = Q, v QXZ-t. For notational simplicity, we assume that K = 1. For FD;;, we con-
sider two cases for the time indices {t1,tq,t3,t4} inside the summation: (a) #{t1,ts,t3,t4} = 4, (b)
#{t1,ta2,t3,t4} < 3. We use ED11, and ED1yp to denote EDy; when the individual indices in the sum-
mation are restricted to be cases (a) and (b), respectively. By direct moment calculations, EDq1, =
T—3N=3/20p (NT?) = Op (N~'/2). For case (a), we consider two subcases: (al) either ¢; or 3 is
largest in the set {t1,%2,t3,t4}, (a2) t1 < to < t3 < tg, to < t1 < t3 < tg, or (t; < t3), or (t2 < t4),
and (a3) t1 < t3 < tg < t4, or (t; <> t3), or (L2 < ty), where, e.g., (t; <> t3) means that ¢; and t3
can exchange positions. We use E D1, (s) to denote the corresponding summation when the individual
indices are restricted to be subcases (as) for s = 1,2, 3, respectively. In subcase (al), ED114 (1) = 0. In
subcase (a2), wolg consider t; < ty < t3 < t4. Then we can separate variables indexed by ¢4 from those

indexed by (t1,%2,t3) and apply the fact that E (g1, | FnTt5,—1) = 0 and Davydov’s inequality to obtain
|ED [ty €its Xity Xita Xits 0i Xity Xit, Xiry0i]| < 8Cuip (t1,ta, b3, ta) ovp (ts — ty) I H20)/ (20

where C4z'D (tl, tQ, t3, t4) = Hgit15it3Xit1Xit2Xit26i Xitg, H2+U,D HXit4Xit45iH4+20’fD . Note that

Cuip

IN

1 _ _ _ _
5 {||€it1€it3Xit1Xit2Xit26i Xit3}|§+a.7D + ||Xit4Xit45i||z+2o.7D}

IN

1 _ _ _
3 {HsitlsitsX”lX“S ||4+2U7D ||Xit2Xit25iH4+207’D + HXit4Xit45iH421+2a,D}

1 o _ _
< 4 {Hgitlgitinthits ||121+2U7D + HX“2XZ"5252'||42;+20,D +2 ||Xit4Xit45i||i+2a7D}

IA

1 S 2 S 2 > 2 - 2

8 {Hgithitl ||8+4a,17 + ”EitSXitS ”8+4a,D +2 |’X“2X“25i||4+20,17 +4 ||Xit4Xit45i||4+20,D}
and Cy;p (t1,t2,t3,t4) < 23:1 Cuip (tg) , where Cyp (t) = 3[||e X
fies (NT)" SN S°F Cuip (t) = Op (1) . Then

N T
QT4 N—3/2 Z Z Z Z Cusn (tg) ap (Jta — t3|)(1+20)/(4+2a)

i=1 t=1 1<ty ,t2,t3,t4<T q=1

8 {T1N3/2 iic‘lm } {Za (1+2a /(4+2a’)} —0p (N*1/2> _

i=1 t=1

it HZ+4U,D + 3 || Xt Xit0; Hi+20’,D] satis-

IN

EDq1,4 (2)

IN

In subcase (a3), we consider t1 < t3 < to < t4. Using F (i1, | Fn1,t5—1) = 0 and Lemma A.3 yields
|ED [ty €its Xity Xita Xity 0i Xty Xit, Xit, 05| < 8Csip (t1,t2, b3, t4) arp (t2 — ) 1200/ (4+20)
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where Csip (t1, 12,3, t4) = ||€it, Sty Xit, Xit, HHQU,D HXz'thitgdiXimXimaiHQJFU’D satisfies Csip (t1,t2,t3,t4)
~ ~ S 2
< Yoy Csip () where Csip () = 3 ||etin||8+407D+}|X1-tXZ-t5i||4 +20.p)- Then ED114 (3) < CT7IN73/2
ZZ 1 Zt 1 Csip (1) ZS LoD (s)(1+20)/(4+2”) =0p (N_l/z) . Consequently, D11 = Op(N~1/2) = 0p (1).
Note that if either ¢; > ty or t3 > t4, the term inside the summation for E D5 is 0 by Assumption
A.2(it3). This, in conjunction with the fact that (g4 X;;) are independent across i conditional on D by
Assumption A.2(é), leads to
EDyy =T 3N 32 Z Z Ep(eit, Xit, Xity Xi1,0:) Z Ep(ejts Xy Xjea X1, 05)-

1<i<j<N 1<t <to<T 1<tg<t4<T

By Davydov’s inequality,
|Ep(git, Xit, Xita Xit,03)| < 8Ceip (t1,t2) ap (|t2 — ty]) B Fao)/(BFao)

where Cgip (t1,t2) = Hem it |X,t2th2(5 H4+2 D satisfies Cg;p (t1,t2) < 23:1 Ceip (t,) where

H8+4U'D’

Ceip (t) = §{H€itXitH8+4U,,D + HXitXit(;iH4+2a,D}7 and similar result holds for Ep(ejtaX X]t4th45 ).
It follows that
T 2
EDy3 < CTINW{ N7'T 1220(@ Z (s )<5+4o>/(s+4a>} —0p (T71N1/2).
i=1 t=1 =

In sum we have shown that Ep (D3yrq;) = Op (N7V/2+ T~INY2) = op (1), implying that Dyy7,11 =
op (1) . Combining this with (C.3)-(C.4) yields Dsnr1 = op (1).

For D3nr,2, we further decompose it as follows

N N
Dsnra = ynrT 'NTV2Y i ProXiQ X{Xibi + e TN T2 el Pro Xi(Q 1 — Q1) X[ X6,
i=1 =1

= Dsnr21 + Danr22 say. (C.5)

As in the study of Dsnr,12, we can readily determine that Dsnr22 = Op (N1/4aNT) =op(1).

N
Ep (D§NT’21) = T O5N3/? Z Z Frit, Feits Bp (Sity ity Xy Xty X1y, 0 Xy, Xitg Xi1,04)
1=1 1<tq,t2,...,te <T
+T75N73/2 Z Z Ftltth4t5ED (5it1€jt4Xz{t2th3th36 X XJtGX_]ta(S )

1<i#j<N 1<t1,ta,...,t6 <T
= ED21 + ED22, say.

For E D21, we consider two cases for the time indices {¢1, ta, ..., t¢} inside the summation: (a) #{¢1,t2,...,ts}
=6 and (b) #{t1,t2,...,t6} < 5. We use EDs;, and E Dy, to denote EDs; when the individual indices
in the summation are restricted to be cases (a) and (b), respectively. It is easy to see that EDayyp =

Op (N71/2). For case (a) , if either ¢, or t, is largest in the set {¢1,t2, ..., ts} , then Ep (git, ity Xy, Xits X}y, 0

11



X! thﬁXZtGJ ) = 0; otherwise, one can use the m.d.s. property of {e;+, Fyr+} and Davydov’s inequality
as above to bound the last expectation and obtain
N T T T 2
EDgi <CT'N™*2% "% Crip (1) {T—2 > sz} =0p (NV2) =op(1)  (CH)
i=1 t=1 i1=1ta=1
for some Cy;p (t) with N~1T~1 Zivzl Z;‘F:l Crip (t) = O0p (1).
Note that if either ¢t > (t2 V t3) or t4 > (t5 Vts) where a V b = max(a,b), the term inside the
summation for Das is 0. This, in conjunction with the fact that (g;, X;;) are independent across i

conditional on D, leads to

EDyy = TON732 " > > Fyty Byt Ep (i, Xy, Xity Xly, 07)
1<i#j<N 1<t1<(t2Vis3)<T 1<ta<(t5Vte)<T
X ED(EJMX X]t6X§t65 )

Note that
|E'D(Eit1Xz(t Xltsttg(s )|

8ap ((ta Ats) — 1) T i s g p | K, Xt
<4 Sap (ts =) T |ey, X

Ztsd H(8+40')/3D if t1 <to and t1 < t3

ity ||4+2a’ D HXNstZte,‘S H4+20 D if 1y <ty <13

8ap (tQ ) (1+0)/(2+0) ||€zt1X if t3 < t1 <to

ztstt35 ||(8+4g )/3,D ||X”2||8+4a D

where a A b = min (a,b) . Similar result holds for Ep(eje, X}, X1 Xj;,0;). It is easy to see that

1 _ _
||5it1 ||8+4a,D HXz/tQXltsttsa H(8+4o’)/37D 1{2 Hsitl ||§+4U,D + HXit2 ||8+4o,D + ||Xit3XZ{t36i||4+20' D}

_ _ 1 _ _
||5it1Xit2H4+2o,D HXZts zts‘s ||4+2a D = Z{Hgitl H8+40,D + HXitz ||8+4U7D +2 ||th3 zt35 ||4+2a D}

_ 1 _ _
”EithZt3 zt35 ||(8+4a )/3,D ||Xlt2 ||8+4a D < Z{Hgitl H8+40,D +2 HXit? ||§+40,D + ||X“53 2t36 ||4—|—2<7 D}'

Let Cip (t) = ||5itH8+4a,D + ”Xit||s+4a,z> + HXitXl{tdiHiJrQJ,D + 1. Then

2

Dy, < CT-'NV2 ! 7-2N1 Z Z ZC&D ) Fyo, ZO‘ (1+a)/(2+a) — Op (T”Nl/?) .

i=1 1<t t,<T q=1
This, together with (C.5) and (C.6), implies that Ep (D5yp.4,) = op (1). Then Dynr,2 = op (1).
The proofs of Dsyr3 = op (1) and Dsyr4 = op (1) are analogous to those of Dsyr1 = op (1) and

Dsnr,3 = op (1), respectively, and thus are omitted. This completes the proof of (7). B

D Proof of Theorem 3.2

By Theorem 3.1 and the Slutsky lemma, it suffices to prove the first two parts of the theorem. In
fact, we prove a slightly stronger result, i.e., under Hy (yyp) in (3.5), (i) Byr = Byr + op(1) and (i)

12



Var = Vr + op(1).

Step 1. We prove (i) Byt = ByT + op(1l) under H; (yy7) . Let ts = tps denote a T x 1 vector
with 1 in the ¢’th position and zeros everywhere else. Then h; 15 = Zz;l qul N X1 (Xi X3) 7! Xiggs =
tyMpo Px, Mpots and fALmS = ;M pPx,Mpts. We decompose Byt — Bnr as follows:

N T

. 1 )
Byr =B - N (A?hi, — ?hi’)
N7 — By m;; E2 it — e
1 LZ 5 1 X
_ B (Z . ) :
\/N;;(&t er) hiwe + N;; v — i) €2
1 LZ A
—N Z Z (hi,tt — hi,tt)
=1 t=1

BNT | + Bnra + BNT 3, say.

We prove (i) by showing (i1) Byt = op (1), (i2) Byra = op (1), and (i3) Byrs = op (1).
First, we prove (i1) BNT,1 = op(1) under H; (v, ). Using é?t —e2, = (8y — 8@5)2 +2 (& — €it) €t
we have

N T N T
. 1 2
Byt = TN Z Z Eit — €it)” P ge + Z Z Eit — €it) €ithit = By + 2Bnr 19, say.

i=1 t=1 i=1 t=1

—

Noting that diag(H;) is p.s.d., we have by Cauchy-Schwarz’s inequality

Bint1 = —1/2 Z —g;) diag (H;) (&8; — &)

IN

N
N2 Z (dyi — &) diag (H;) (dyi — &) + 3N~/ " db,diag (H;) do;
i=1 1=1

N
+3NTV2N " dy diag (H; ) ds;

=1

3BNT,111 + 3BNT,112 + 3BNT,113a say.

We will show that BNT,lls =op (1) for s =1,2,3.
Using d1; = Mpo (g; +¢;) + Zéil(,@g - ,@k)M,EO) (i + FOX) + ¢i) and Mpo = Iy — Ppo we have

N N
Byrann < 3NTY2Y el Ppodiag (H;) Ppog; +3N~'/* Y " ¢, Mpodiag (H;) Mpoc;
=1 1=1
K
+3NT2Y Z S —B) (20 + FOX? + ;) MV diag (H;) M{” (e + FOA? + ¢;)

i=1 k=1 [l=1

= 3Bn7i11a + 3Bn7111s + 3BNT 110, SAY.

By the fact that tr(AB) <tr(A)tr(B) for p.s.d. matrices A and B, tr(AB) <tr(A4) p; (B) for symmetric
matrix B and p.s.d. matrix A, |MpoPx, Mpo| » < K2, tr(MgoPx, Mpo) < K, and Y1, 1,0} = I we

13



have

max || F”diag () F°|| 5

_ 0/ N 70 07 3: 0711/2 07 N 0
= 1I<nf?§vtr [F”diag (H;) F°F"diag (H;) F°| 1r<nlzix tr [F”diag (H;) F°]

T T
0/ 170
= 112% 3 tr (F2u; Mpo Px, Mpot, FY') = max tr (MFOPXiMFO ;m; Ft/Ft>

IA

. g
251 (t_zl Ltbé ||Ft0||F> < K1r<nta<XT ||F0||F =op (Tl/(4+2 ))

where the last equality follows because by Boole’s and Chebyshev’s inequalities, Assumption A.1(3), and

the dominated convergence theorem, for any C' > 0

M’ﬂ

P (s, | > o:r>1/<4+20>) <

1<t<T (HFOHF CT)I/ 4+2U))

~
Il
-

<

; [|FO||8+46 {HFt Hs+4a > CTH —o(l).

Q‘,_.

Similarly7 maxlSiSNtr[X{diag (Hz) Xz} = MaXj<i<N ZtT:ltr(XitL%MFDPXi MFO [’th{t) S K maxi<;<N MaXxXj<¢<T

| X% = op(NT)4T29)) Tt follows that

= TN UQZtr{FO’dlag( ) FC (FYF/T) " Feelp® (FYF°)T) " |

i=1

< T2N- WZtr {F"diag (H;) F*} tr { (FOF°/T) ™" FUielF* (F”F0/T) "}
i=1
—2 ol 2
< TTANTV? X tr { FOdiag (H;) FO} [ ((FYF°/T))] ZHFO/EZ‘HF

= T 2N"Y24, (Tl/(4+20)) Op (NT) =op (TﬁlNl/QTl/(‘HQU)) =o0p (1) by Assumption A.3 (i) .

For BNT7111b’ we use Mpo = It — Pro to decompose it as follows:

N
‘ = NT2Yd Mpodiag (H;) Myoc,
i=1

N N
= UQZCdlag e+ N™ 1/220PF0dlag( i) Proc; —2N~ 1/QE:cdlag i) Proc;

=1 i=1

B1NT,111b (1) + B1NT,111b (2) — 2BINT,111b (3), say.
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Then

Byraiw (1) <

BNT,lllb (2) =

IN

IN

IN

and Byr111s (3) <

N

N_l/QZ [(/BO _/B> +73T5i}/X£diag (H;) X [(/30 —/3> +“YBT51}

=1

N
Op (Vi) N7Y2 " tr (X[diag (H;) X;) = Op (T") max_tr [X/diag (H;) X;]

pr} 1<i<N
OP (T—l (NT)I/(4+20)) = op (1) 7
N
NS (FOdiag (1) FO (FYFY) ™ FOcic, P (FYF°) ")
i=1

N
max tr{FO'dlag i)FO}N_l/zztr (cichO (FO'FO)71 (FO’FO)71 FO')

1<i<N -
i=1

max tr{FO/dlag FO}N 1/2Ztr cich) tr (FO (FO’FO) (FO'FO)_l FO/)

1<i<N

max tr {F"diag (H;) F} T3 N /2 Zl X% tr ((FO’FO/T)_l)
op (Tl/(4+20)) Tﬁl'Y?VTOP (Nl/QT) T-10p (Tl/ 4+2a)) = op (1),

{BNT,HH, (1)}1/2{BNT,111;, (2)}'/2 = op (1) by Cauchy-Schwarz’s inequality. It fol-

lows that BNT,lllb =op (1). For BSNTJHC, we have

N K K

BNT,lllc = I/QZZZ (ﬁk 5k) ( Bl) (6i+FO/\?+Ci)/M,§O)diag (Hz-)Ml(O) (5¢+FO)\?+Q)

IN

1=1 k=1 l=

>

/2 ZK: ( ) (6 l) e; M(O)dlag (H;) Ml(o)si

11l=1

Mz

@
Il
-

K
BN Z(ﬁk Br) (87— 1) N P diag (i) M FOX!

N
+3N"1/2 Z

SBNTJHC 1)+3 NT111c( )

N

1k=11

Il
-

[

ANIERANG
Mx

i=1

s

ES
I
Il

—

) (
( ) ( ﬁl> c M( ) diag (H;) Ml(O)Ci
+3

Byra11c(3), say.

By Cauchy-Schwarz’s inequality and the fact that p,(diag(H;)) < 1, we have

BNT,lllc (1)

N K
N2
< KN7'/2 Z Z (/Bg - Bk) 5;M150)diag (H;) Méo)fi
i1 k=1
K N
< Nl/QZ (60 ﬁk) (M;EO)MéO)lesis§>
k=1 i=1
K o2 N
< RNVIS - |t HF} " (N—l Zlaie;>
= i=

NY20p (Y37) Op (1 +T/N) = Op (T + N7Y) = 0p (1)
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where we have used the fact that

N N N
Uy (leaf;) < (NIZE(QE’Z-)> + N*IZ[eze E (g:})]
i—1 i=1 i=1 F
— 0(1) +O0p (T/N).
Similarly, using the fact that HM,EO)FOHF = Op (1) we have
N K
Byriie(2) < /2 ZZ( Bk) A MO 2O FO )0
i=1 k=1
K
c s gl (vo S o)
k=1
NYV20p (7) Op (1) = Op (T7) = 0p (1), and
A K A ) N
Burne(3) < pN/2Y (48 fﬁk) HM,E‘”F“HFN*Z el
i=1

= N'20p (V?VT) Op (V?VTT) =0p (N_l/QT_1> =op(1).
It follows that ENT,111C =op (1). In sum, BNT,111 =op(1).

For BNT7112, we have
N N

Byraz < 3NTY2Y eiMWdiag (H;) MWe; + 3N~12 Y AV FY MW diag (H;) MY FON)

=1 =1

+3N~ 1/22cM<1>d1ag( ) MWe

=1

3BNT,112a + 3BNT,11217 + 3BNT,11207 say.

Observe that

N N
Byriiza < N7V2 ZEQM(”M“)EZ' = NY2tr (M(l)M(l)N_1 Zfz‘ﬂg)
i=1 i=1

IN

N

0 s (80t =00 (v 0p 17
i=1

= op (1) by Assumption A.3 (7).

Similarly, we can show that BNT 1126 = op (1) and BNTJ.].QC =op (1). Thus BNT7112 =op(1).

By the fact that p, (diag (H;)) < p; (H;) <1, (B.2)-(B.3) and Assumption A.3(%), we have

IN

N N
Bnras N7V ds]|* < HM@) - M<’“6m>H2 N7V237 e + FON 4 ¢4
i=1 i=1

Op (05%) Op (NYT) = op (1).

In sum, we have shown that BNT’H =op(1).
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Now, we consider B NT,12. We first decompose it as follows

N
Z (& — 61')1 diag(H;)e;

1

Byri12 =

K2

-

(dy; — &) diag(H;)e; + d ,diag(H;)e; + d ;diag(H

= DBn7,a21 + BNT,122 + BNT)123, Say.

=1

4 9~

We only show that BNT,121 = op (1) since the proof for ENT7125 = op (1) for s = 2,3 is similar. We

further decompose B ~T,121 as follows:

=1 k=1

N K !
BNT,lQl = Z <PF05i + Mpoc; + Z (62 — Bk) M]go) (Ei + FO)\? + Cz)> diag(Hz-)ei

2= 3~

I
i1
ﬂ

N
. 1 .
e} Ppodiag(H;)e; + —N ; ¢; Mpodiag(H;)e;

K
Z ( ) (0) (e + FOX) + cl) diag(H;)e;

T\'Mz

BNT,121a + BnT,1216 + BNT,121(:, say.

Observe that

» 0/ 0/ 70\~ 1 20,/
BNT,12111 = sitFt (F F) FsLsMFOPXiMFOLsgis

E
[M]=
M=

s
Il
_
&~
Il
—
V)
I

1

07 ( 77207 770\ —1 120 7
o (F F) FJUPx,Ls€is

©
I
—
o~
Il
—
w
Il
_

1
=
M=
[M]=
[M]=

+

e FY (FOFO) ™! FOU Ppo Px, Protyess

WE
M)~
M~

@
Il
-
~
Il
—
V)
Il

1

0/ ( 7207 20\ —1 720 7
gitF} (F F) FJ U ProPx, Ls€is

N
Il
-
~~
Il
-
w
Il
A

=

Y1
M=
M=

WE
B
M=

0/ (1707 20\ ~L 170 7
EitFt (F F) FSLSPXiPFOLSEis

<
Il
—
o~
=
»
Il
—

= Bnri21a (1) 4+ Byra21a (2) = Byra1a (3) — Byr121a (4), say.

As in the proof of Lemma A.8, replacing (X/X;/T)~! by Q; ' and then applying Chebyshev’s inequality

yields
N T T
Byrasia (1) = TNV NN ey Ry (FOFO) ™" FOX (X!X,/T) " Xiseis
i=1 t=1 s=1
N T T
= TOINT2Y NN e Y (FUFC) YFOX! Q7 Xieis + op (1)
=1 1 1

= 0p (T7'NY2) 4 0p (1) = 0p (1).
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Similarly, we can show that BNT7121Q (s) =op (1) for s = 2,3,4. It follows that BNT,121Q = op (1). For

Bnr,1216, we have

Byrioww = 1/22{ +7NT5] X Mpodiag(H;)e;

N
NTY2(B° - B Z X{Mpodiag(H,)e; + N~"?y g Y 8, X] Mpodiag(H; )e;

=1 =1

= Op (VNTNl/z) =Op (N1/4T_1/2) = op (1) by Assumption A.3 (%)

N

N-1/2 3 X! Mpodiag(H;)e;|| = Op (Nl/Q) . Similarly, we can show that
i=1 F

Bnr,121c = op (1) . It follows that By7,121 = op (1) . Analogously, we can By7,12s = op (1) for s = 2,3

as we can readily show that

and thus we have Byr,12 = op (1). This completes the proof of (i1) BNTJ = op(1) under Hy (yp7) -

Next, we prove (i2) Byrs = op(1) under H; (7). Observing that

H;—H;, = MzPx,Mz— MpoPx, Mpo

= (MF - MFO)PXi(Mﬁ - MFO) + MFOPXi(Mﬁ - MFO) + (MF — MF(’)PXiMFO (D.l)

we have
R 1 N T
Byrs = i > i (MgPx, My — Mpo Px, Mpo) e},
N =1 t=1
1 N T 9 N T
= 7% >3 u(Mp — Mpo)Px, (Mg — Mpo)uel, + Z > Ui MpoPx,(Mp — Mpo)ues,
N =1 t=1 N =1 t=1
= DBpntp21 +2BnT22, say. (D.2)

By the fact that || Mz — Mo ||F = Op(N~Y?) by (B.1)-(B.3) and noticing that

N T N T N T
1y (Nl ZZ”L;E?’J <y <1r<nsa<xT [Nl Z;E (8?8)] ;Lt4> +||INT ZZLtbt ft)]

i=1 t=1

N F
= max lN‘l ;E (e2,)| +Op (T/N), (D.3)
we have by Assumption A.3(7)
. 1 N T )
)BNT,m) < o5 ;;Lt (Mg — Mpo)(Mp — Mypo)i,e?
1 N T
= tr [(Mﬁ — Mpo)(Mp — Mpo) (N ZZ Lity€ nﬂ
N T o
< Nl/QHM MFOHFM (N;t lLtLt 1t>
= NY20p (N"Y)Op(1+T/N) = Op(N~Y2 + TN73/2) = op(1). (D.4)
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Using (B.1) we decompose BNT,QQ as follows

. 1 i K N
Bnr, — U} Mo Py, 89— B ) M2
NT,22 \/NZZ t FoI'X kz:l( k k:) k t<it

i=1 t=1

1 1
7 Z U MpoPx, MM 1e? + — i Z Z Uy Mpo Px,(M® + MTem™)),, 2,
i=1 t=1 =1 t=1

= Byroo + BNT,QQQ + BNT,223, say.

Using Mpo = It — Pro we further decompose El ~NT,221 as follows

K
. 1
BinTp221 = —ZZLtPX Z( 5k> ]iO)Ltf‘:zt
VN i—1 t=1 =1
N
1 ¢ (0)
_\/—_ Z +Pro Px, Z (ﬂk )Mk LtElt
i=1 t=1 k=1

BNT,221<1 BNT 221p, Say.

Following the arguments used in the proof of Lemma A.7(ii4), we can show that maxj <;<7 N~} Zfil g2, =
Op (1 + anr) where ayr is defined as ay with the exchange of N and T in the latter’s definition. This,
together with the fact that ||AB||p < [|Allppy (B) for p.s.d. matrix A and symmetric matrix B and
| Px, ||z < K'/?, implies that

| MK T
= | N ZZ (51@ Bk) (PXiM/E‘O) ZLtb;s?t> |
i=1 k=1 t=1
- ‘L 3 (52 - Bk) tr (M,EO) imi f:E?tPXi> ‘
\/Nkzl t=1 i=1
o -5 3
e L
- =1 F
<

N
~1/2 (O)H _ /2 -1 2
Op ( INT )Z HM F 1I<nta<XT 6” Op (N 7NT) <lr<nta<xTN 21€”>
= Op (N1/4T71/2> Op (1+anrt) =op (1) by Assumption A.3.

Similarly, we can show that BNT’22117 = op (1) by symmetrizing ProPx, by (PpoPx, + Px, Pro)/2. Thus
Bnr.291 = 0p (1) . For Byt 222, we have By g0 = N~1/2 vazl 23;1 Uy Px, MW e — N~1/2 Zf\; 23:1
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L;PFOPXiM(l)LtE?t = BNT7222a — ENT7222{). Note that

= ‘\/_ZZX (XIX) ' XIMW 2,

=1 t=1
T N
— ‘—tr (M(l)ZLtzthgt (X!X;) 1X{>
t=1 =1
T N
< N7V2{M®) Z Z 2 X! (X!IX) ' X!
t=1 i=1 F
N T N 1/2
N IMO| St | YR X (XIX) XN X (XX,) T Xl
t=1 i=1 s=1 j=1
N 1/2
_ -1 -1
N2 [ A D el X (XIX) XY D en X)(X)X,) T Xy
t=1 i=1 j=1

= N"20p (N—W) Op (NT—W) = 0p (T—W) = op(1).

Similarly, we can show that BNT7222[7 = Op (T*1/2) = op (1). Thus BNTVQQQb = op(1). Next, write
Bnrass = N"V2YX ST i P, (M@ +MUem)) 2 - N=V2 570 SY 0 Ppo P, (M) 4 M em)) 22,

= BnT1,2230 — BNT,2236- Then

T
= ’\/—Ztr{PX 2)+M(rem))ZLtL;5?t}‘

t=1

T N
1 rem
= ‘ﬁtr{(M(Q)—i—M( )>ZLtL;Z€?tPXi}‘

t=1 =1

Z Loty Z 5”PX

= Op(\/_(SNT) maXlest Op(\/_6 )Op(l—i—dNT):oP(l).

1<t<T

1
Jar® ey '
N

IA

Similarly, BNT)Qng = op(1). Thus ENT7223 = op (1). In sum, we have shown that BNT722 =op(1),

which, in conjunction with (D.2) and (D.4), implies that BNT,Q =op(1).

Now, we prove (i3) Byrs = op(1) under H, (yy7) . Using a® —b* = (a — b)* +2 (a — b) b we have
R ;N g N T
BNT,?) = —F= ZZ Eit — €zt ( ittt — I tt) Z Z Eit — Ezt Eit (hz t— N tt)
VN == VN ==

= BNT,31 + QBNT7327 say.

Using the arguments as used in the proof of Lemma A.7(i4) , we can show that maxj<;<nx 77! ||XZ||% =

Op (1 +ant) = Op (1). Then by (B.1) and the fact that HMF — Mpo ||F =0Op (N_l/Q) , Max] <j< N MaxX]<;<T
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| Xl = op(NT)YBT49)) and max <p<r | F2|| = op(T"/(+49)) we have that uniformly in (i,t)

|vi MpoPx, (Mg — Mpo)ug |

< |t Px,(Mp — Mpo)u| + |ty ProPx, (Mg — Mpo)y
< ’X{t (XIX) 7 X(Mp — Mpo)u| + ’FE' (F}Fo) " FOPx, (Mp — MFO)Lt’
< 77|y = Moo { | (XX T) 7|1l 1t + | (BSF/ | 1 [ E2N 1P 1 }

Op (T N2 ) (Xl 1 Xutll + [ FO | E|[} = op (T7/2N712 (NT)H/EH1)). (D.5)
By (D.1) and (D.5)

Pt — P s

U P — P—
< 1r§niz%>§\[1ré1ta§XTILt(MF Mpo)Px, (Mg — Mpo)u|

! j—
ngi’?\r lrgaéxThtMFoPXi(MF Mpo)u|

max max
1<i<N 1<t<T

2
< HMF—MF0||F+21§5%)§V11£t21SXT’L;MFoPXi(MF—MFo)Lt|
= Op(N"Y) +op (T*1/2N*1/2 (NT)l/(8+4")). (D.6)

As in the study of B ~T,11, we can readily show that

N N N N
N> g —all? < BN ldi — &l P+ 3N ldal* + 3N ldai)?
i=1 =1 =1 i=1

Op(1)+O0p(1+TN ") +op(1)=0p (1+TN ). (D.7)

It follows from (D.5) and (D.7) and Assumptions A.3 (z)-(iz) that

N
_ N 2
{N IE é: —eill }
=1

N1/2 (OP (Nfl) +op (T71/2N71/2 (NT>1/(8+40))) Op (1 _|_TN71) —op (1)

N1/2 max max h,z tt — hz tt
1<i<KN 1<t<T ’ ’

IN

Bnt,31

We now decompose Bl NT,32 as follows:
1 & .
BNT,32 = e (éz — Ei)/ diag (Hl — Hl> E;
idD
N

1 . N ) .
= \/—N Z{(dh — Ei)/ diag (Hz - Hz> g + dézdlag (Hz — Hz) g+ déidlag (HZ — HZ) 61‘}
i=1
= BNT,321 + BNT,322 + BNT,BQSa say.

Using the expression for dy; we further decompose B ~T,321 as follows:

N N

- 1 . 1 N

BNT,321 = ﬁ ngPFodiag (Hl — Hl> Ei + \/_N Z c;MFodiag (Hz — Hz) Ei
i=1 =1

M=

+\/—1N i (5% - Bk> (i + 2RO 4 ci) M,go)diag (H’i — Hi) £

1k

b L

BnT.3210 + BNT,3216 + BNT,3210, S8Y.
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To study the terms on the right hand of the last equation, we find that it is convenient to bound
1\;1 HZZ;l (ili,tt — hi,tt) Ftoi‘fit and Zfil Zle |iLi,tt — hi,tt| HXitgitH . Notice that by (Dl) and the

triangle inequality,

N T
( ittt 1“) Fg)git S Z ZL; M MFD PX (M MFD)LtF Eit
=1 || t=1 =1 [|t=1
N T
+2) 11 i MpoPx, (Mg — Mpo)uFes
i=1 [[t=1

= Sint +2S2nT, say.

By (B.1),

(g = My < [} = B I [+ (D 02 2t i
M, = Op (127 [ [l = Op (V47 07) 1+
, and H( +M(rem )LtHF = OP (6NT+6NT’YNT) = OP (6NT)

[F2[) = Op (N=12T=12) || Y|
Thus

(M = Mpo)uall = Op (N7V2T712 || F|| 4077 (D.8)

It follows that

IN

SinT

N T )
ZZOP (N71/2T71/2 HFtOH + 61‘\,%,1) | Px, || HFtOEz'tH

i=1 t=1
= Op(N24T7%)O0p(NT)=0p (NT'+N'T).

Using Mpo = It — Pro,

N
Sont < Z

+Z ZFO’ (FyFo) ™" FOPx,(Mp — Mpo)u Fey
i=1 [|t=1
Sant,1 + SonT,2, Say.

T
Z (XX T X (Mg — Mpo)e Feir
=1

F

F

Then by (D.8),

N T
Swvra < Y x0T D 0 (NI R 4 05 ) Xl |
i=1 t=1
= Op (637) Op (NTY2), and
N T
Sevra < 3 |(FR) T PP S 0p (VAT B 4 635 ) || £
i=1 t=1
= Or (637) Or (NTY2).
Consequently,
N

i=1

Z ( ittt — I tt) Ftofz‘t

t=1

= 0p (5;VQTNT1/2) . (D.9)
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Similarly, we can show that

Y]

hz’,ss - hi,ss
i=1 s=1

| Xiseis|| = Op (5N2TNT1/2> : (D.10)

y (D.9) and Assumptions A.3(4)-(i4)

ByT321a =

where we have used the fact that maxi<j<ny HT’1 Zthl

ol
Mz

.
Il

PFodiag (fll — Hl) €;
1

T

ZthOFO/FO ZFO(zssf zss)gis

T_lzgitFtO ZFO( 1,88 155) Eis
t=1

= 0p (N72) Op (ant) Op (535 NTY?) = Op (Nl/QTl/QaNT(SJ_\,T) = op (1),

|(F”F°/T)~"|| max
1<i<N

%\H Sl-
HMZ

=1

(ant) which can be proved by

following the arguments used in the proof of Lemma A.7(¢i¢) . Observe that

By (D.10) and Assumption A.3(%)

and

IA

IN

where we use

N

1 &K,
’ < \/—N;cidlag(Hi—Hi)sz

= Bnraow (1) + Byrsaw (2).

\/_ Zc Prodiag (H H; )

o=

N T
Byt (1) = ZZ [( ) +7NT6} Xit€it (hi,tt - hi,tt)
i=1 t=1
N T
< Op(Inr Z Z | Xiretll |Fiee — hi,tt‘
i=1 t=1
<

Op (1xr) Op (S5 NT'/?) = Op (35 N**) = op (1),

BNT321b (2)
B S S [(80-8) + s bt () g (1)

N T T
Or (ynr) || (FUF®)™ Hfz_;;'X“” lh>

T N
Op ('yNTN_l/Q) {@agXNT_l ; (| X | HFtOH} ;

Op (T712N=3/%) Op (1 + anr) Op (635 NTY2) = Op (535NY4) = 0p (1),

0
hi,ss) Fs Eis

Z( 1,88 zss)FSEis

s=1

the fact that maxj<;<n 7! Zle [ Xl | FY|| = Op (1 + anr) which can be proved by

using arguments as used in the proof of Lemma A.7(iii). It follows that Byr.s015 = op (1). Using the
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fact that HM,EO)(Q + FOX) + )

= 0p (O {|X0] + (VD)7 Xl + vz Xl and || - B =
Op (yn7) and Assumption A.3, we have

N K

S () (e )t (1, 1)

IA

O max max
P (V) 1<i<N 1<t<T

N

5 1 —1/2

hi i — hzytt‘ N > (HA?H + (NT) ™2 | Xeill o+ vr HXiHF) e
=1

Op (y7) Op (N1 4 TN 12 (NT)/EH) NV2TU2 — o (1),
In sum, we have shown that BNT)ng =op(1).

Now, we study BNT 322. We first decompose B ~T,322 as follows:
BNT,322 = \/_ Z 5 + )\O/FO/ +c; ) M(l)diag (ﬂl - Hl) &;

1 N N .
- = Z{g;M“)diag (Hi - Hi) & + A FY MM diag (H - H) e; + ,MMdiag (H - H) e}
=1
= BNT,322<1 + BNT732217 + BNT732207 say.

Note that ‘L;M(l)LS‘ = Op (N7'T) { ﬁvzl eit)\gH HFSOH + HZZ\; EisAY t H} + Op (N_l/QT_?’/Q)
HFSOH HFtOH . By Boole’s inequality, Doob’s inequality (e.g., Hall and Heyde (1980, pp.14-15)) for m.d.s.,

and then Davydov’s inequality, for any € > 0 we have

N T N
—1/2 30 1/8 —1/2 30 1/8
Pp (1@% NN "euX| >T e> < ZPD< NN euX|| >T e>
- i=1 F t=1 i=1 F
1 T N 8
0
< TN%8 ZED Z‘E”)‘ =Op(1).
i=1 F

It follows that max;<¢<r HZf\Ll =0Op (N1/2T1/8) . So uniformly in (¢, s) we have

LM(1

= Op (NPT T8) (| F| + B2 + Op (N12T ) |2 | FY)

Then

1 N T T R
= T ;;EZt;L M(l)Ls( 1,88 hi,ss) Eis
N T )
< N~ QZZH5zt||ZH€st hiss — Niss
=1 t=1 s=1
< 0p (V2T (E0) [ EO) + 0 (N1 B £}
S OP (N71/2T77/8) —1/2 ZZ ngt” Z ngs” 1,88 hi,ss HF?H
i=1 t=1
+Op (N‘1/2T‘7/8) 1/222 leit| HFOHZHEMH hisss = hiss| || F7]]
=1 t=1
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+OP (N_l/QT_S/Q) 1/QZZ||€ZtH HFOHZ”EZS 1,88 _hi,ss HF’SH
1=1 t=1
= BNT,SQZa (1) + BNT,322a ( ) + BNT,322a (3) , Say.
By Assumption A.3(i),
Brrsma(1) < Op (N1717) {m’ivT 2 ”8”'} 33t e e 21
7, S=

= ( 1T1/8) »(1)Op (5;TNT1/2) = Op (5;VTT5/8) =op(1).

Similarly, BNT)gQQa (s) = op (1) for s = 2,3. So BlNT7322a = op (1). By the same token, we can show

that BNT,322b = op (1) and BNT,3220 =op (1) . It follows that BNT,322 = op (1) .

For BNT7323, we have
X 1 X X
BnrTges = — Z dy,;diag (Hz - Hl) €
VN =
| X
- = S {eM® 4 Mo diag (H - Hi) g + AV FYIM® 4 Mo diag (H - H) e
i—1

+c[MP) 4 Me™)diag (I:IZ - HZ> i}
= BNT,323¢1 + BNT,323b + BNT,323C, say.
Noting that ¢,[M ) +M(rem)]),, = Op (6;,2TT*7/8) (||FSOH + ||Ft0||)+0p ( TT 3/2) HFOH HFO||+OP (5NT'yNT)

we have

1 N T T R
_N Z Z Zgitl’t[M@) + M(mm)] ls (hi,ss - hi,ss) Eis

=1 t=1 s=1
TR R
< Op (572 T—m) —— SUSTS  eul [|FO (s — hiss| lel
N i=1 t=1 s=1
| NTT
+Op ((5;\72TT77/8) _N Z Z Z |5zt| HF H i,88 hi,ss |€is|
i=1 t=1 s=1
| NTT
+OP (5&27’1—173/2) —N ZZZ |51t| ||F0|| ||FO 1,88 hi,ss |5is‘
i=1 t=1 s=1
L rr )
+OP (6NT'YNT) T ZZZ ‘Eit| hi,ss - hi,ss ‘Eisl
i=1 t=1 s=1
= ENT,323a (1) + BNT,323a (2 BNT,323a (3)+ BNT,323a (4).
By Assumption A.3(4),
1,88 hi,ss |Eis‘

T N T
BNT,323a (1) = Op (N_1/2(5]7\[2TT1/8) (12{%}5\[ T_1 ; 5it|> 7;21 ; ||F£H B
)o

= Op (N*1/25]_\,2TT1/8 »(1)Op (6;,2TNT1/2) —Op (5;V4TN1/2T5/8) = op(1).
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Similarly, BNT7323Q (s) =op (1) for s = 2,3,4. So BNT7323Q = op (1). By the same token, we can show
that BNT)gggb =0op (1) and BNT)gggc =o0op (1) . It follows that BNT,323 = op (].) .

In sum, we have shown that BNT’:),Q = op (1) . This completes the proof of ().

Step 2. We prove (ii) Vyr = Vyr+op(1) under H; (yy7) . Recall by, = X;,—T 1 ZTT:1 FyEp (Xir),

by = Q7 2y, and by = Q72X — TP 0| B X, ). Tt follows that
T = 2 -1 2
Vvt —Var = 4T2N7INN T8 (el > biséis] - [sitb;-t > bissm]
t=2 i=1 s=1 s=1

T t—1 2 -1 2
+4T72N71 Z Z [5it52t Z Eisgis] — FEp [5it52t Z Eiseis]
s=1

t=2 i=1 =1

4VnT1 + 4VNT 2 Say.

Noting that Ep (Var,2) = 0 and Varp (Vyr,2) = o (1) by direct moment calculations, we have Vo =
p (1) by Chebyshev’s inequality. Thus we are left to show that Vyr,1 = op (1). Again, using a* — b? =
(a—b)*>+2(a—b)b yields

T N t—1 t—1 2
Vnrg = TN M léit?);t > bistis — il Z bisgis]
T
+2T?2N71 Z Z léztb/t Z bzs&:zs - 5ztb1t Z b’LSE’LS‘| 5ztb1t Z bzr&:zr
t=2 i=1 s=1

= Vit +2VN7 12

)

Let Vnp 1o =T 2N 1 Zt ) ZZ el Z b,Tew] . By Cauchy-Schwarz’s inequality V7,12 < {VNT,H}U2
{VNT712}1/ ® Ttis straightforward to show that VNT,12 = Op (1), implying that it suffices to prove that
Vnr1 = op (1) by showing that Vyr 11 = op (1) . Using 2iby = (5it1;it—€it5it)+5it5it and Cauchy-Schwarz

inequality,

T N
Vnrin < 3T—2N—1ZZ

L -1 2
(éiti)it - 5it6it> Zbisfis]
s=1
T N -1 2
+3T72N71 Z Z |:%t%t Z ((;l.sél.s - biseis)‘|

~

[|

[ V)

~

Il

=
L —

t=2 i=1 s=1

T N ol 2
+3T?2N71 Z Z [(éltblt - Eitbit) ( 1.5613 - 13513>1

t=2 i=1 s=1

3VNT,111 + 3VNr112 + 3VNT113-

We complete the proof of (i7) by showing that (#1) Vari111 = op (1), (432) V1112 = op (1), and (ii3)

V113 = op (1).
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We first show (ZZl) VNT,lll = Oop (1) USiIlg éz’tl;it — gitl;z't = (ézt *Eit) Bit + Eit(i)it — th) +

1 2
bisgis

1

(&it — €it) (lA)Zt — b)) and Cauchy-Schwarz’s inequality,

2 t

IN

VNT111

+37 Nt i Z [5it (i)zt - Bit),
s=1 j
e 35 e b ) S|

t=2 1=1
3VNT111a + 3VNT,1116 + 3VNT 1110

T N t—1
372Nt Z Z [(éit - Eit) Eét Z Eiseis

S

By Markov’s and Davydov’s inequalities we can show that T-2N 1 2322 Zf\il [0, S weis]Q =0p(1).
By Boole’s inequality, Doob’s inequality (e.g., Hall and Heyde (1980, pp.14-15)) for m.d.s., and then

Davydov’s inequality, for any € > 0 we have

t—1 N t—1
—1/2 b o 1/8 < -1/2 b e 1/8
Pp (121%}5\, letz%XT T Z:lbwaw i >N e) < ZPD (22&2% T waew i >N e)
1 T—1 8
< NT4€8 ZED Z bmszs = OP( )
s=1 F

It follows that max;<;<ny maxo<i<r sz,:l biscisl| = Op (Tl/le/S) . Using this, the fact that max;<;<n
maxp<¢<T Hl_)thF = 01:>((NT)1/(8+40))7 and Assumption A.3 yields

2

T N t—1
VNTiita = TN~ 122(5it—€n)2 [b;tzbisfis
s=1

t=2 1=1
t—1 2 T N
— - 2 1
T 1/25 bis€i max max ||b N— E g 5 €
< s 1<z<N2<t<T|| ”HF it ~ €it)
o=

t=2 i=1
_QOP (TN1/4) op ((NT)I/(4+2U)> Op (1 + TN—l) —op (1)

< T72 max max
1<i<N 2<t<T

To determine the probability order of Vyr 1115 and Vyr111c, we use the uniform probability order of

l;it — b;z. We decompose l;it — by as follows

T T
bit — by = 9;1/2 [Xit ~-77t ZFtTXir 9;1/2 [Xit —-77t ZFtrED (Xz'7’)‘|
T
= (V-7 ) Xy — (72 =07 ) Ty (B — B ) X
( ) 1t ( ) ; ( tr — tr) 3

— (9;1/2 1/2> -1 ZFtr r T z 1/2 -1 Z (Ftr - Ftr) ir

1/2 1ZFtr 1T_ED (X )}

= byt — bagt — b3it — byt — bsit, say. (Dll)
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By Lemma A.7(i17) and the fact that maxi<;<ny maxi<i<r || Xu| = op((NT)

Markov’s inequalities, we have max;<;<y maxi<i<t ||b1it]| = op(ant (NT)

1/(8+40) )

1 /(8+4a))

by Boole’s and

. Similarly maxi<ij<n

maxlStST ||b31t|| = OP(GNTTl/(8+4U)) and maxlgiSN maxlStST ||b51t|| = OP(GJNTTl/(8+4U)). FOI‘ bgit,

using Cauchy-Schwarz’s inequality for matrices, the fact that ZLI trth. = I, and (B.1)-(B.3) we have

T_l Z (Ftr - Ftr) Xir
r=1 F

T T

T 2

= T2 ZZtr {Llr (MF — M{%) LtL; (MF — M{%) Lst{inr}

r=

T T
T3 Y { Xty (M = M) (M — M) 1 X[}

IN

r=

IN

r=

T T
= T 't { (Mg — Mp) (Mg — M) > LTL;,XZ(TXZ'T} < T || My — M| 11y (Z Lt X, Xy

1s=1

1s=1

T
T e { Xivt), (Mp — Mp) (Mg — Mp) 0, X}, }

1

r=1 r=1

< T ||Mg - M%HQF [max - max 1 Xit|* = op (T’IN’1 (NT)l/(4+25)) .

<i<N 1<t<T

)

Thus maxi<;<nN maxi<i<T ||b4it|| = OP(T71/2N71/2 (NT)l/(8+4U)) and maxi<;<ny maxi<i<T ||b22t|| =

op(antT~V2N-1/2(NT)Y %)) 1 sum, we have

I;it — Bit = OP(CLNT (NT)I/(8+4U)).

max max
1<i<N 1<t<T

Then by Assumption A.3,

VT =

and

VT 111c

2
i)it - Bit

77! max max
1<i<N 1<t<T

9 t—1

max max bis€is
1<i<N 1<t<T -
=

T N
TNt 2254

t=2 i=1

T~'op(aZp (NT)Y 420, (TN1/4) Op(1) = op(NV4a2,7 (NT)V427)) = op (1),

T -1 2
= T2N! Z Z [(éit —€it) (I;zt - Bit) Zl_?is&'s}
t=2 i=1 s=1
t—1
Z Bisgis
s=1

— TﬁQOP(ag\/‘T (NT>1/(4+20)) Op (TN1/4> Op (1 + NflT)

2

max max

B't - B't
!  1<i<N1<t<T

= T2 max max
1<i<N 1<t<T

— OP(T—1N1/4G3VT (NT)I/(4+2G') + N_3/4GI?VT (NT)l/(4+20')) =op (1) )

It follows that Viyr 111 = op (1).
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To show (i32) and (i43), we find that it is convenient to bound Sy = T—1/2 22;11 (i)iséis — bis€is)-

Using éitl;it - Eitl_)it = 5it(l;it - Bit) + (éit - €it) Eit + (éit - Eit) (I;zt - Eit)v we have

t—1

Sit = 1/225 25_ 25 +T 1/22 _E’LS bzs+T 1/22 E’LS 528) (l; l_) )

s=1
= Sut+ S2it + S3;¢, say.

Using (D.11), we have Sy;; = T2 2" 21 eis (biis — bois — bais — bais — bsis) = Stie1 — Sties — Shit,3 —
Stit,a — Stit,5, say. Observe that

IA

1%%\/ 1ré1ta<x 15 1ie. ] 1<i<N

= Op(anT)Op (N1/8> =op(1),

max max

A—1/2 —1/2
max HQl / -, /‘
1<i<N 1<#<T

t—1
T_1/2 Z Xisgis
s=1

max max |Sige| < max max ||bosl| JHax, T 1/22\53|

1<i<N 1<t<T 1<i<N 1<s<T
- op (aNTT71/2N71/2 (NT)l/(8+4U)) Op (T1/2> —op (1) ,
< "y

2 o ISl = max max [bas || max 7772 feis

— op (T‘l/QN‘l/Q (NT)l/(8+4">) Op (T1/2> =op(1).

In addition,

1<i<N 1<i<N

t—1 T
A—1/2 *1/2H -1/2 0 (07 0 e~ a1 0y
< . — Q. 5
25 2 Wl < mas, e, [0 - 07 T S (RO T) T S R X
T
< H FO’FO/T H max HQ;I/Q—Q;UQ‘ max T_leTOXiT
1<i<N 1<i<N —~
t—1
X max max T_l/QZQSFSOI
1<i<N 1<t<T —
= Op(1)Op (ant)Op (1) Op (N1/8> =op(1),
and similarly,
t—1 .
_ f1/2 —1/2 07 07 120 -1 0 _
1<i<N 1<t< 1211'8%)5\11I£%XT & ZIE SF (FYF/T) ZF ir = B (X )]‘
< H(FO’FO/T)*IH max HQ;”QH max T‘leTO (X — Ep (Xir)]
r=1

t—1

X max max T_l/zg sz-SFSO'
1<i<N 1<t<T .
p

= 0p(1)Op (1) Op (ant) Op (N1/8> =op(1),
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as we can show that max;<;<n HT‘l ZZ;I F°[X;. — Ep (X;1)] H = Op (ay7) by following the arguments
used in the proof of Lemma A.7(43¢). It follows that maxi<;<ny maxi<;<7 ||S1i|| = op (1). Similarly,
using the expression for &; in (B.4) and (D.11), we can show that max;<;<y maxi<;<7 || S2:t|| = op (1)
and maxi<;<y maxi<¢<7 ||S3:| = op (1) after tedious calculations. Hence maxj<;<ny maxi<i<r ||Su|| =

op (1). It follows that

T t— 2
Vnriiz = T 2N7! Z Z [Eitb;t Z (Biséis — bisfis)]

t=2 i=1 s=1
T N
1ar—1 _
< {1I<nlzg§vlgltax I1S:¢l } T 'N~- ;Zl“eltbt‘} } 1)Op (1) =op (1),
and
t—1 2
VNT,113 = T 2N 12 [(Eztbzt_gztbzt) (bzséis_gisgis>]
t=2 i—1 s=1
N 2
< 11 ‘A.A,_.’. _ _
< {13% 15 }{T NS5 e —cub } or (1) op (1) = op (1)

2

as one can readily show that T-!N~! 23:2 Zivzl Eibir — cibit|| = op (1). Thus Vyr,11 = op (1). This

completes the proof of (ii). W
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